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Abstract
The present work proposes a way to model cell cytoskeleton using truss systems.
This allows large deformations and rotations to be handled in a natural way.
With this intention a framework has been developed which allows to use any
rheological law wished with very little effort.
Classical models such as Kelvin-Voigt or Maxwell have been reviewed
analytically under standard experiments. The gathered information has
allowed us to propose a novel model that accounts for the observed growth of
cytoskeleton filaments or, more usually called active lengthening. This model
behaves very similar to classical ones which means that it can explain the
observed fluid viscosity in in vivo experiments while giving a more satisfactory
explanation.
With dynamic topology a new concept has been introduced. This feature is
in fact relevant for the modelling of some morphogenetic movements where
some invasive cells replace other regions of the tissue modifying the global
look of the model.
Combining these two concepts yields a wide variety of new approaches to
follow in future related works.
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Introduction
1.1 Background
Since the discovery of the cell cytoskeleton in the 1900s by Nikolai Koltsov and the
later widespread of the use of computers for academical research purposes in the 50s,
modelling cellular tissue has always been a pursued yet non-easy challenge. This is
mainly due to the underlying uncertainties and complexities which commonly appear
when dealing with such microscopic scopes. The main drawback of current models
lies in their difficulty to simulate what really occurs from the mechanical point of
view inside the cell. They are based on the use of simple elastic or viscoelastic
materials; far more proper for modelling inert material.
Current models are in general based on truss systems or continuum mechanics.
Continuum models can be in turn classified in two different groups regarding their
nature: fluid models and solid models. In the first case, the cellular tissue is
modelled as a viscous fluid while in the second case cells are idealised as an elastic or
viscoelastic solid able to store potential energy at equilibrium. In the case of tissue
mechanics we can find examples of continuum fluid models in the work done by
Chen et al. [3] and Pouille et al. [10] and examples of solid models in the research
carried out by Conte et al. [4] and Taber et al. [14]. Other authors have build
models using a mixture of the two types [13].
On the other hand, truss systems models, built by assembling one-dimensional
elements. These models are easier to implement and allow large displacements and
rotations in a natural way.
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Choosing between the above-mentioned models has been a widely debated issue
[9, 12]. However if a closer look to the cytoskeleton is taken, it can be observed
that it is actually made of a network of tubules and filaments (see Figure 1.1). This
shows that although it is not exactly a truss system, this option is at first glance a
better approach.
Figure 1.1: Animal cells. The cytoskeleton licrotubules (in green) and the actin
filaments (in red) can be easily distinguished.
Another question arises in whether the viscosity observed and measured in
empirical experiments comes from an internal fluid viscosity of the cells or from
some other phenomena such as remodelling or cell intercalation. This phenomena
may be mediated by mechanical, genetic or chemical variables. Studies have
shown that stretch is a potent stimulus for growth, differentiation, migration, and
remodelling [7]. Trepat et al. reported that in response to transient stretches the
cytoskeleton fluidizes in such a way as to define a universal class [16, 15].
1.2 Motivation and objectives
The main aim of this document is to simulate soft tissues mechanics by using a
truss system model. We will design a general framework for trusses where different
rheological models can be used. We will implement common models such as Kelvin-
Voigt, Maxwell, or generalised Maxwell but any other non-linear model may be
easily implemented as well.
For the reasons explained in Section 1.1 we will develop a new rheological model
that introduces active lengthening. This is an extension of the model developed
by Jose Mun˜oz and Nina Asadipour [1]. This new model will account for the fact
that living tissue adapts to the environmental conditions in order to dissipate strain
energy and that cells grow or shrink according to their stress state.
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We will also introduce topology changes in the connectivities of the elements
in order to model more realistic cell behaviour. This feature is in fact relevant for
the modelling of some morphogenetic movements where some invasive cells replace
other regions of the tissue modifying the global appearance of the model.
1.3 Outline
In Chapter 2 we will compare this new element to other more common models by
analysing their analytical response to different common experiment such a cyclic or
a stress relaxation experiments. The objective of this section is to check whether
by adding this more realistic behaviour to our model we can explain the behaviour
observed so far in vivo.
In Chapter 3 we explain how to implement numerically the different models. We
will start by deriving the stiffness matrix and residual vectors of simple models
such as the purely elastic and the purely viscous and then show how to join these
models in order to create composite models such as the Kelvin-Voigt or the Maxwell
models.
In Chapter 4 we will show the results obtained when we model a truss system
with the elements explained in Chapter 3. We will compare the responses under
the same experiments performed in Chapter 2 in order to verify whether the truss
system behaves as a single element of the same type.
We also explain how topology changes are introduced through a Delaunay
triangulation. This will entail some problems with the contour of the model that
will need to be handled properly.
Finally in Chapter 5 we summarise the conclusions achieved during the previous
chapters and discuss the future work that can be pursued as a consequence of the
developments described in this thesis.
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2
Single element response analysis
In this chapter we will compare the elastic model with active lengthening against
the Kelvin-Voigt and Maxwell models in order to find out if this model parameters
can be somehow related to κ and η used in the other models.
To do so, first we will compare the elements reaction when a dynamic experiment
is performed by calculating the analytical solutions to both cyclic load and cyclic
displacement.
Secondly we will compare the models responses to a sudden stretch, also called
stress relaxation experiment.
Finally we will calculate the strain evolution of the elements under constant load
2.1 Cyclic boundary condition
When applying a certain cyclic strain ε(t) such as
ε(t) = ε0 sin(ωt) (2.1)
to a non-purely elastic rheological model, we will see that if we plot both strains
and stress, the two signals will have the same wavelength but the stress will have a
phase angle δ with respect to the strain (see Figure 2.1) [11, 6]. For a purely elastic
model the two signals will be exactly in phase and δ = 0. The ratios between the
amplitudes define two moduli E′ and E′′ which are respectively called storage and
5
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loss modulus. Their explicit expression may be deduced by writing the stress σ(t)
as
σ(t) = σ0 sin(ωt+ δ) = σ0(cos δ sin(ωt) + sin δ cos(ωt)). (2.2)
Figure 2.1: Stress under a cyclic displacement experiment.
The two moduli are defined by:
E′ =
σ′0
ε0
=
σ0
ε0
cos δ (2.3)
E′′ =
σ′′0
ε0
=
σ0
ε0
sin δ (2.4)
The phase angle δ can be obtained then as
δ = arctan
E′′
E′
. (2.5)
For the given example in (2.1), E′ is simply the stress measured at the maximum
strain divided by the strain amplitude ε0. On the other hand E
′′ is the stress at
zero strain since, stress does not necessarily have to be zero at zero strain.
The physical meaning of these moduli can be sought by relating them with the
elastic and viscous behaviour of the model. The storage modulus measures the
stored energy, representing the elastic portion, and the loss modulus measures the
energy dissipated as heat, representing the viscous portion.
Note that the same δ angle can be obtained by, instead of imposing displacement,
applying a cyclic load such as
σ(t) = σ0 sin(ωt). (2.6)
In this case we could write the strain as
ε(t) = ε0 sin(ωt− δ) = ε0(cos δ sin(ωt)− sin δ cos(ωt)) (2.7)
and obtain the two dynamic moduli as in (2.3) and (2.4).
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2.1.1 Kelvin-Voigt model
The Kelvin-Voigt model imposes the following relationships
σ(t) =σe(t) + σv(t) (2.8)
ε(t) =εe(t) = εv(t) (2.9)
which can be deduced from Figure 2.2.
Figure 2.2: Kelvin-Voigt rheological model
Cyclic load
When applying the cyclic load in (2.6) to the Kelvin-Voigt model the strain yields
the solution of the following ODE
σ(t) = σe(t) + σv(t) = κε(t) + ηε˙(t) = σ0 sin(ωt),
which using ε(0) = 0 as initial condition is
ε(t) =
σ0
κ2 + η2ω2
ωη e−κtη + κ sin(ωt)− ωη cos(ωt)
 .
If we remove the transient part in order to take out the influence of the initial
condition, the strain becomes
ε(t)
t→∞
=
σ0
κ2 + η2ω2
(κ sin(ωt)− ωη cos(ωt)), (2.10)
which when interpreted as in (2.7) allows to calculate the phase angle δ as
δ = arctan
(η
κ
ω
)
. (2.11)
This result means that the larger the angular velocity ω is, the more increases
the apparent viscosity of the model. Likewise, as the angular velocity decreases, the
elastic contribution of the model increases.
Using the following trigonometric identities
sin2 x =
tanx√
1 + tan2 x
, cos2 x =
1√
1 + tan2 x
; (2.12)
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we can obtain the two dynamic moduli by isolating ε0 as
ε0 cos(δ) =
σ0κ
κ2 + η2ω2
−→ ε0 = σ0√
κ2 + η2ω2
(2.13)
and applying equations (2.3) and (2.4) gives rise to
E′ =
σ0
ε0
cos δ = κ (2.14)
E′′ =
σ0
ε0
sin δ = ηω. (2.15)
Cyclic displacement
If instead of imposing load we impose a cyclic strain, such as the one in (2.1) the
stress yields
σ(t) = σe(t) + σv(t) = κε0 sin(ωt) + ηωε0 cos(ωt), (2.16)
and dynamic moduli and phase angle δ can be obtained immediately
E′ = κ (2.17)
E′′ = ηω (2.18)
δ = arctan
(η
κ
ω
)
, (2.19)
which coincide, as expected, with the results in Section 2.1.1.
2.1.2 Maxwell model
The Maxwell model imposes the following relationships
σ(t) =σe(t) = σv(t) (2.20)
ε(t) =εe(t) + εv(t), (2.21)
which can be deduced from Figure 2.3.
Figure 2.3: Maxwell rheological model
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Cyclic load
When applying the load in (2.6) the strain can be easily calculated using (2.21). In
order to obtain εv(t) the following ODE must be solved:
ηε˙v(t) = σ(t) = σ0 sin(ωt).
Using initial condition εv(0) = − σ0
ηω
(Note that initial condition is not relevant
since we are only interested in the non-transient solution) yields
εv(t) = − σ0
ηω
cos(ωt)
The strain yields then
ε(t) = σ0
(
1
κ
sin(ωt)− 1
ηω
cos(ωt)
)
. (2.22)
The phase angle δ for the Maxwell model takes the following expression:
δ = arctan
(
κ
η
ω−1
)
, (2.23)
which means exactly the opposite as in the the Kelvin-Voigt model. In this case the
bigger the angular velocity ω the more elastically the model behaves.
Again, using the trigonometric identities in (2.12) we can obtain the two dynamic
moduli by isolating ε0
ε0 cos(δ) =
σ0
κ
−→ ε0 = σ0
√
κ2 + η2ω2
κηω
(2.24)
and applying equations (2.3) and (2.4), which yields
E′ =
σ0
ε0
cos δ =
κη2ω2
κ2 + η2ω2
(2.25)
and
E′′ =
σ0
ε0
sin δ =
κ2ηω
κ2 + η2ω2
. (2.26)
Cyclic displacement
Imposing cyclic displacement instead of load the stress law will be de determined
by the solution of the following first order linear differential equation:
η
κ
ε˙v(t) + εv(t) = ε(t);
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which may be obtained by using relation in (2.20)
σe(t) = κεe(t) = σv(t) = ηε˙v(t)
and substituting in Equation (2.21).
Using εv(0) = 0 as initial condition, the viscous strain yields
εv(t) =
ε0
κ2 + η2ω2
ωηκ e−κtη + κ2 sin(ωt)− ωηκ cos(ωt)
 .
Consequently, the stress for the Maxwell model yields
σ(t) = ηε˙v(t) =
ε0ωηκ
κ2 + η2ω2
−κ e−κtη + ωη sin(ωt) + κ cos(ωt)
 ,
which, after neglecting the transient part gives
σ(t)
t→∞
=
ε0ωηκ
κ2 + η2ω2
(ωη sin(ωt) + κ cos(ωt)) . (2.27)
Dynamic moduli and phase angle δ can then be obtained immediately.
E′ =
κη2ω2
κ2 + η2ω2
(2.28)
E′′ =
κ2ηω
κ2 + η2ω2
(2.29)
δ = arctan
(
κ
η
ω−1
)
. (2.30)
These values are, as we expected, the same values as the ones obtained with a
cyclic load in Section 2.1.2.
2.1.3 Elastic model with active lengthening
In this model the resting length Lγ varies according to the following law
L˙γ = γ(l − Lγ) (2.31)
while the constitutive equation is assumed elastic,
σ(t) = κεγ(t) (2.32)
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with εγ the active strain, which is defined by
εγ =
l(t)− Lγ(t)
Lγ(t)
. (2.33)
The evolution law in (2.31) represents the adaptation of the cytoskeleton to the
current strain, as observed in laboratory experiments.
Figure 2.4: Elastic rheological model with active lengthening.
Cyclic load
In order to obtain the observed strain ε(t) when imposing a cyclic load we must
find the expression of l(t) which requires to previously find Lγ(t).
κ
l(t)− Lγ(t)
Lγ(t)
=
κ
γ
L˙γ(t)
Lγ(t)
= σ0 sin(ωt)
Integrating both sides and using the initial condition Lγ(0) = L0 yields the
following solution
Lγ(t) = L0e
−
(σ0
κ
γ
ω
cos(ωt)
)
.
The element length l(t) yields then
l(t) =
1
γ
L˙γ(t) + Lγ(t) = L0
(σ0
κ
sin(ωt) + 1
)
e
−
(σ0
κ
γ
ω
cos(ωt)
)
which, if we assume small strains, i.e. σ0/κ is small, we can approximate the
exponential by the first terms of its Taylor series
ex ≈ 1 + x
yields the following expression
l(t)
ε→0
= L0
(
1 +
σ0
κ
sin(ωt)− σ0
κ
γ
ω
cos(ωt)
)
. (2.34)
The apparent strain yields then
ε(t) =
σ0
κ
sin(ωt)− σ0
κ
γ
ω
cos(ωt)
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and the phase angle δ is equal to
δ = arctan(γω−1). (2.35)
Using the trigonometric identities in (2.12) we can obtain the two dynamic
moduli by isolating ε0
ε0 cos(δ) =
σ0
κ
−→ ε0 = σ0
√
ω2 + γ2
κω
(2.36)
and applying equations (2.3) and (2.4), which yield
E′ =
σ0
ε0
cos δ =
κω2
ω2 + γ2
(2.37)
and
E′′ =
σ0
ε0
sin δ =
κγω
ω2 + γ2
. (2.38)
If we compare these results with the ones obtained with the Maxwell model we
can observe that for small strains, the elastic model with active lengthening behaves
exactly as the Maxwell model with same value for κ and with
γ =
κ
η
. (2.39)
Cyclic displacement
Imposing the same displacement as in the other models means that l, the current
length of the element is equal to
l(t) = L0(1 + ε0 sin(ωt))
and consequently, the solution of the ODE (2.31) yields
Lγ(t) = L0
[
1 +
ε0
γ2 + ω2
(
γωe−γt + γ2 sin(ωt)− γω cos(ωt))] .
The expression for the active strain gives
εγ(t) =
L0ε0
γ2 + ω2
(
γωe−γt + ω2 sin(ωt) + γω cos(ωt)
)
L0
[
1 +
ε0
γ2 + ω2
(γωe−γt + γ2 sin(ωt)− γω cos(ωt))
] ,
which once simplified and without the transient part gives rise to the following
expression:
σ(t)
t→∞
= κε0
ω2 sin(ωt) + γω cos(ωt)
γ2 + ω2 + ε0γ2 sin(ωt)− ε0γω cos(ωt) .
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If we make the assumption of small strains then we can simplify the previous
equation
σ(t)
t→∞, ε0→0
= κε0
ω2 sin(ωt) + γω cos(ωt)
γ2 + ω2
(2.40)
and the values for the dynamic moduli and phase angle δ can be obtained in a
straight forward manner:
E′ =
κω2
ω2 + γ2
(2.41)
E′′ =
κγω
ω2 + γ2
(2.42)
δ = arctan(γω−1) (2.43)
These values are, again as we expected, the same as the ones obtained with a
cyclic load in Section 2.1.3.
2.2 Stress relaxation experiments
In a stress relaxation experiment, the elements are stretched to a certain constant
length instantaneously, while the stress behaviour is analysed. Depending on the
model the stress will relax progressively or stay constant at a certain value. These
two different behaviours allow us to classify the models into those which do not
relax and behave more as a “solid”, also called viscoelastic solids, and those which
do relax and behave more as a “fluid”, called viscoelastic fluids [11].
We will simulate this instantaneous stretch by applying an increasing length
(Phase I) with a subsequent constant stretch as shown in Figure 2.5.
Figure 2.5: Stress relaxation experiment
Once this experiment is comleted, and imposing that ε(T ) = ε0 we will take the
limit where φ tends to infinity and get the necessary parameters.
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2.2.1 Kelvin model-Voigt
Increasing length (Phase I)
The solution for the Kelvin model can be calculated immediately and gives
σ(t) = κφt+ ηφ. (2.44)
This result means that the viscous part of the model always contributes ηφ to
the stress while the elastic contribution increases as the strain increases.
Stress relaxation (Phase II)
For the Kelvin model, constant strain implies that all the tension provides from the
elastic part.
σ(t) = κε0 (2.45)
2.2.2 Maxwell model
Increasing length (Phase I)
According to Equation (2.1.2), the ODE to be solved in this case is as follows,
η
κ
ε˙v(t) + εv(t) = φt,
which after using initial condition εv(0) = 0 has the following solution
εv(t) = φt− φη
κ
1− e−κη t
 . (2.46)
Consequently the elastic strain yields
εe(t) = φ
η
κ
1− e−κη t
 ,
and the stress gives
σ(t) = φη
1− e−κη t
 , (2.47)
which means that for large strains the elastic part of the model only takes φη while
the rest, which keeps increasing is irreversible. For this reason the Maxwell model
is also considered a type of liquid.
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Stress relaxation (Phase II)
The ODE to solve in this case is the following:
η
κ
ε˙v(t) + εv(t) = 0.
In order to determine the appropriate initial condition we will use the results
deduced in (2.46) and imposing
φ =
ε0
T
and calculating the limit when T tends to zero:
lim
T→0
εv(T ) = ε0
1− ηκ limT→0 1− e
−
κ
η
T
T
 = ε0(1− ηκ κη
)
= 0
This means, as we could intuitively guess, that on applying a sudden stretch, the
elastic part takes all the strain.
The solution to the ODE using εv(0) = 0 as initial condition yields then
εv(t) = ε0
1− e−κη t
 ,
and consequently, the stress is given by
σ(t) = ε0κe
−
κ
η
t
, (2.48)
which means that the stress decays to zero as the time increases.
2.2.3 Elastic model with active lengthening
Increasing length (Phase I)
For this model, instead of imposing the strain we will impose the following law for
the total length.
l(t) = L0 + ϕt
Integrating again (2.31) yields the following reference length
Lγ(t) = L0 + ϕt− ϕ
γ
(
1− e−γt) . (2.49)
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The elastic strain yields then
εγ(t) =
l(t)− Lγ(t)
Lγ(t)
=
1− e−γt
γ
ϕ
L0 + γt− (1− e−γt)
(2.50)
and the stress simply
σ(t) = κ
1− e−γt
γ
ϕ
L0 + γt− (1− e−γt)
. (2.51)
Stress relaxation (Phase II)
We stretch the element to a length L1 instantaneously and then observe the stress
evolution. In order to obtain the reference length we must solve the following ODE
L˙γ(t) = γ(L1 − Lγ(t)). (2.52)
In order to deduce the initial condition for the reference length as a result of an
instantaneous stretch, we use the results in (2.49), impose that l(T ) = L1 and take
the limit for T approaching zero.
lim
T→0
Lγ(T ) = L1 − L1 − L0
γ
(
lim
T→0
1− e−γT
T
)
= L1 − L1 − L0
γ
γ = L0.
This means that for an instantaneous stretch, all the strain is purely elastic and
the element has not started to lengthen.
Consequently, using Lγ(0) = L0 as initial condition, the solution to (2.52) and
the stress yield
Lγ(t) = L1 − (L1 − L0)e−γt (2.53)
σ(t) = κ
(L1 − L0)e−γt
L1 − (L1 − L0)e−γt . (2.54)
2.3 Creep experiments
In the creep experiments we submit the element to a constant load σ0 while the
element length is analysed. Depending on the model we will observe how either the
strain reaches a maximum or grows indefinitely. Depending on its response we can
classify again the models as we did with the stress relaxation experiment.
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Figure 2.6: Creep experiment.
2.3.1 Kelvin-Voigt model
Solving the following ODE with initial condition ε(0) = 0
κε(t) + ηε˙(t) = σ0 (2.55)
gives
ε(t) =
σ0
κ
1− e−κη t
 . (2.56)
The element reaches asymptotically the strain
σ0
κ
which is the strain that a
single spring would reach.
2.3.2 Maxwell model
We need to find both the elastic and the viscous strains. The elastic strain can be
calculated immediately and yields
εe(t) =
σ0
κ
(2.57)
and the viscous strain is the result of the ODE
ε˙v(t) =
σ0
η
, (2.58)
which, with initial condition εv(t) = 0 yields
εv(t) =
σ0
η
t. (2.59)
The total strain yields then
ε(t) =
σ0
κ
(
1 +
κ
η
t
)
, (2.60)
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which means that there is an initial immediate strain corresponding to the elastic
strain and then viscous strain grows indefinitely.
2.3.3 Elastic model with active lengthening
We need to find the expressions of both l(t) and Lγ(t).
κ
l(t)− Lγ(t)
Lγ(t)
=
κ
γ
L˙γ(t)
Lγ(t)
= σ0 (2.61)
With initial condition Lγ(0) = L0 the reference length L
γ(t) yields then
Lγ(t) = L0e
σ0γ
κ
t
(2.62)
and, consequently, the length of the element yields
l(t) = L0
(σ0
κ
+ 1
)
e
σ0γ
κ
t
(2.63)
We can now calculate the apparent strain that yields
ε(t) =
(σ0
κ
+ 1
)
e
σ0γ
κ
t − 1 (2.64)
which shows that the strain keeps growing exponentially.
2.4 Summary results
Cyclic experiments
E′ E′′ tan δ
Kelvin κ ηω
η
κ
ω
Maxwell
κη2ω2
κ2 + η2ω2
κ2ηω
κ2 + η2ω2
κ
η
ω−1
Active lengthening
κω2
ω2 + γ2
κγω
ω2 + γ2
γω−1
Table 2.1: Summary table of the results obtained for the cyclic experiments.
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We have confirmed that for the Kelvin-Voigt and Maxwell models, the phase
angles δ remain the same, independently of the experiment being performed. For
the element with active element, although we had to assume small strains in order
to linearise some of the results, we have also observed the same fact.
We have also observed that the ratio between κ and η is very important in
both the Kelvin-Voigt and the Maxwell models although they have a very different
implication. For a given angular velocity ω, in the Kelvin model the larger the
ratio is, that is the “softer” the dashpot is, the less important it becomes and the
model behaves more like simply elastic. Yet in the Maxwell model occurs exactly
the opposite, when the dashpot is too soft it takes all the strain and the model
behaves more like simply viscous. This result can be observed in Figure 2.7 and
more graphically in Figures 2.8 and 2.9.
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(a) Kelvin model
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(b) Maxwell model
Figure 2.7: Phase angle δ versus the logarithm of the angular velocity.
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Figure 2.8: Kelvin model response to a cyclic load with different parameter values.
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Figure 2.9: Maxwell model response to a cyclic load with different parameter values.
As for the elastic model with active lengthening we have observed that for
sufficient small strains or loads the model’s behaviour is very similar to the Maxwell
model. In fact, if the parameter γ is equal to the ratio between the Maxwell’s elastic
parameter κ and viscous parameter η and κ has the same value then the two models
under the cyclic experiments exposed are equivalent. This result can be seen if
Figure 2.10 is compared against 2.9.
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Figure 2.10: Elastic model with active lengthening response to a cyclic load with
different parameter values.
For larger strains however, the elastic model with active lengthening has a
very complex response and it is not possible to obtain constant dynamic modulus.
Actually, if we plot the response to cyclic displacement with ε0 we observe that
the phase angle δ depends, among other things, on wether we are stretching or
shrinking the material as is shown in Figure 2.11.
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Figure 2.11: Example of the elastic model with active lengthening under large cyclic
strain.
Non-cyclic experiments
Stress relaxation Creep
(σ(t), Phase II) (ε(t))
Kelvin σ(t) = κε0 ε(t) =
σ0
κ
1− e−κη t

Maxwell σ(t) = ε0κe
−
κ
η
t
ε(t) =
σ0
κ
(
1 +
κ
η
t
)
Active lengthening σ(t) = κ
(L1 − L0)e−γt
L1 − (L1 − L0)e−γt ε(t) =
(σ0
κ
+ 1
)
e
σ0γ
κ
t − 1
Table 2.2: Summary table of the results obtained for the cyclic experiments.
For the non-cyclic experiments we can see that the proposed model behaves very
similar to the Maxwell model under a stress-relaxation experiment as both models
progressively relax loosing their stored potential energy. The Kelvin model however,
does not relax and keeps the same stress indefinitely. These results can be observed
in Figure 2.12.
Nevertheless on the creep experiments, the behaviour of the elastic model is not
as similar to the Maxwell as in the stress relaxation experiment as can be observed
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Figure 2.12: Response of the different models to a stress relaxation experiment.
in Figure 2.13. Although both model grow indefinitely under a constant load, the
model with active lengthening grows exponentially in time while the Maxwell grows
linearly.
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Figure 2.13: Response of the different models to a creep experiment.
The results observed in these two experiment determine that the proposed model
behaves more as a viscoelastic fluid, very similar to a Maxwell model but presenting
an exponential growth when under constant loads.
3
Numerical implementation
The state of an element at a certain time step can be characterised a set of internal
parameters and its position x, which we will write as
x =
{
x1
x2
}
(3.1)
where x1 and x2 are the coordinates of the two ends of the element
Figure 3.1: Examples of different models.
We will also define now the vector eij , which is the direction unit vector, as
eij =
1
||xi − xj ||
{
xi − xj
xj − xi
}
(3.2)
Given the state of an element at time step n we wish to compute the state
that minimises the potential energy at time step n+ 1. In order to do so we will
compute the stiffness matrix and residual vector of each member by computing the
23
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derivatives of the potential with respect to the node position as follows
g(x) =
∂V (x)
∂x
(3.3)
K(x) =
∂g(x)
∂x
(3.4)
where V (x) is the total potential energy of the element.
Then we will assemble them in the global system of equations. Since the resulting
system of equations is, in general non-linear, it has to be solved by using an iterative
procedure.
We will use the Newton-Raphson method using the previous state as initial guess.
The method minimises the potential energy V by iteratively performing
Xk+1n+1 = X
k
n+1 −H(V (Xkn+1))−1∇V (Xkn+1)T (3.5)
where Xji stands for the the vector with all the node positions at time step i and
iteration j. In this case the Hessian H is the global stiffness matrix and the gradient
of V is the global residual vector.
In the next sections of this chapter we will show how to compute the element
stiffness matrices and residual vectors of different models, starting with the most
simple and ending by composing new models using the ones previously calculated.
3.1 Simple models
In this section we show how to derive the stiffness matrix and the residual of three
different simple rheological models. By simple models we mean that they are not
the union, either in series or in parallel, of other models like the Kelvin-Voigt or
the Maxwell models.
The three models that we are going to use are:
• Linear elastic model
• Linear viscous model
• Linear elastic model with active lengthening
Other models like the exponential elastic model can be easily derived once
following the same steps.
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3.1.1 Linear elastic model
The elastic potential energy of an linear elastic element is determined by the following
law
V (x) =
1
2
Lκ(εe(x))2 (3.6)
where L is the initial length of the element and εe is the elastic strain, defined by
εe(x) =
l(x)− Le
L
(3.7)
Note that, in general, L 6= Le.
The bar residual ge for the linear elastic model yields
ge =
∂V
∂x
T
= κLεe
∂εe
∂x
T
= κεee12 (3.8)
where we have calculated the derivative of the strain with respect to x as follows
∂εe
∂x
=
1
L
∂l
∂x
=
1
L
∂
∂x
(√
(x2 − x1)T (x2 − x1)
)
=
1
2L
√
(x2 − x1)T (x2 − x1)
{ −2(x2 − x1)
2(x2 − x1)
}T
=
1
L
eT12
(3.9)
The stiffness matrix Ke for the linear elastic model yields
Ke =
∂ge
∂x
= κe12
∂εe
∂x
+ κεe
∂e12
∂x
=
Le
lL
κ e12 ⊗ e12 + 1
l
κεeΓ (3.10)
where
Γ =
[
I −I
−I I
]
(3.11)
and where we have used (3.9) and the following derivative
∂e12
∂x
=
{
x1 − x2
x2 − x1
}
∂
∂x
(
1
l
)
+
1
l
∂
∂x
{
x1 − x2
x2 − x1
}
= − 1
l2
{
x1 − x2
x2 − x1
}
⊗ e12 + 1
l
Γ
= −1
l
e12 ⊗ e12 + 1
l
Γ
(3.12)
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3.1.2 Linear viscous model
The stress for the linear viscous element is
σv = ηε˙v (3.13)
where η is the viscosity parameter and which acts in the x1 − x2 direction. Thus,
the residual for the viscous element is
gv = ηε˙ve12 (3.14)
We will discretise at t = n+ θ with θ ∈ [0, 1]. This way, for θ = 0 we can recover
the backward Euler time stepping algorithm, and for θ = 1 we recover the forward
Euler.
The residual at a intermediate step n+ θ yields
gvn+θ = (1− θ)gvn + θgvn+1
and, consequently, we can obtain gvn+1
gvn+1 =
θ − 1
θ
gvn +
η
Lθ
ln+1 − ln
∆t
e12,n+θ (3.15)
where we have used the derivative of the strain with respect time at time step n+ θ
ε˙vn+θ =
εvn+1 − εvn
∆t
=
ln+1 − ln
∆t
and where
eij,n+θ = (1− θ)eij,n + θeij,n+1
The stiffness matrix Kv for the linear viscous element yields
Kv =
∂gv
∂x
=
η
∆tLθ
(
e12,n+θ
∂ln+1
∂x
+ ln+1
∂e12,n+θ
∂x
)
=
η
∆tLθ
(
e12,n+θ ⊗ e12,n+1 + ln+1 − ln
ln+θ
(Γ− e12,n+θ ⊗ e12,n+θ)
) (3.16)
3.1.3 Elastic model with active lengthening
In this model the resting length varies according to the following law
L˙γ(t) = γ(l(t)− Lγ(t)) (3.17)
and the constitutive equation is
σ(t) = κεγ(t) (3.18)
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where εγ is called active strain and is defined by
εγ =
l(t)− Lγ(t)
L(t)
(3.19)
Note, again, that in general Lγ(t) 6= L(t) but, in order to compute the stiffness
matrix we will assume L(t) = Lγ(t) +K where K is a constant, i.e. the element is
not connected in series with another element with active lengthening.
The reference length at a intermediate time n+ θ yields
L˙γn+θ =
Lγn+1 − Lγn
∆t
= γ(ln+θ − Lγn+θ)
where
ln+θ = (1− θ)ln + θln+1
and
Lγn+θ = (1− θ)Lγn + θLγn+1
Isolating Lγn+1 yields
Lγn+1 =
1
1 + θγ∆t
(Lγn + γ∆t((1− θ)(ln − Lγn) + θln+1) (3.20)
The residual gγ yields
gγ = κεγe12 (3.21)
in order to derive the stiffness matrix we need to calculate again the derivative of
the active strain εγ with respect to x.
∂εγ
∂x
=
1
L
(
∂l
∂x
− ∂L
γ
∂x
)
− (l − L
γ)
L2
∂Lγ
∂x
=
1
L
(
e12 − γθ∆t
1 + γθ∆t
e12
)
− l − L
γ
L2
γθ∆t
1 + γθ∆t
e12
=
(
1
L
− l − L
γ + L
L2
γθ∆t
1 + γθ∆t
)
e12
(3.22)
The stiffness matrix Kγ yields
Kγ =
∂gγ
∂x
= κe12
∂εγ
∂x
+ κεγ
∂e12
∂x
= κ
(
1
L
− l − L
γ + L
L2
γθ∆t
1 + γθ∆t
)
e12 ⊗ e12 + κl − L
γ
Ll
(−e12 ⊗ e12 + Γ)
= κ
(
Lγ
Ll
− l − L
γ + L
L2
γθ∆t
1 + γθ∆t
)
e12 ⊗ e12 + κl − L
γ
Ll
Γ
(3.23)
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3.2 Building complex models
In this section we will show how to built more complex models using the ones we
have already. To do so we will connect them either in parallel or in series. This way
we can build as complex models as we want to.
3.2.1 Connecting in parallel: the Kelvin-Voight model
Connecting two elements in parallel is very easy as we only have to add the two
stiffness matrices and the two residual vectors.
Figure 3.2: The Kelvin-Voight model
3.2.2 Connecting in series: the Maxwell model
In order to join two elements in series the process that we will follow is called null-
space projection. The main idea is shown in Figure 3.3 and consists in assembling
the matrix as if there was a third node inside the element that separates the two
simple models and then force this auxiliary node to be in the line joining the main
nodes.
Figure 3.3: The Maxwell model
Null-space projection
Forcing the element to move along the line joining nodes 1 and 2, requires just one
scalar variable instead of the n-dimensional x3. This internal variable is called λ
and determines the position of x3 as follows:
x3 = (1− λ)x1 + λx2 (3.24)
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In order to show the procedure we will join an elastic and a viscous models but
the method can be used to join any two models. In agreement with the rheological
splitting, the scalar elastic and viscous strains are defined by,
εe =
le − Le
L
; εv =
lv − Lv
L
(3.25)
where the uppercase variables stand for the initial value and the lowercase ones for
the current values. It can be easily verified that ε = εe + εv as was mentioned in
Chapter 2.
The objective now is to get a two node equivalent element stiffness matrix and
residual vector that we can assemble in our global system of equations.
We will start by calculating the local stiffness matrix and residual vector of the
element with the auxiliary node, which take the following expression:
Kˆ =
 Ke11 Ke13Ke31 Ke33 + Kv33 Kv32
Kv23 K
v
22
 =
 Kˆ11 Kˆ13Kˆ31 Kˆ33 Kˆ32
Kˆ23 Kˆ22
 (3.26)
and
gˆ =

gˆe1
gˆe3 + gˆ
v
3
gˆv2
 =

gˆ1
gˆ3
gˆ2
 (3.27)
The kinematic constraint in 3.24 induces the following relation for the virtual
displacement of the inner node:
∂x3 = (1− λ)∂x1 + λ∂x2 + (x2 − x1)∂λ (3.28)
which is represented in Figure 3.4
Figure 3.4: Virtual displacement of the innner node.
The total work of the element can be written as:
dW = dxˆ · gˆ (3.29)
where
dxˆ =

dx1
dx3
dx2

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but if we use the following relation:
dx1
dx3
dx2
 =
 I(1− λ)I x2 − x1 λI
I

dx1
dλ
dx2
 = Ndx˜ (3.30)
we may write it as:
dW = dx˜ · (NT gˆ) = dx˜ · g˜ (3.31)
where matrix N projects the residual gˆ onto the new residual g˜
In order to find the stiffness matrix of this new residual we just need to take its
jacobian
K˜ =
∂g˜(x˜)
∂x˜
= NT
∂gˆ
∂x˜
+
∂NT
∂x˜
gˆ = NTKN + KN (3.32)
where
KN =
 0 −gˆ3 0−gˆT3 0 gˆT3
0 gˆ3 0

and where we have used the following derivatives:
∂gˆ
∂x˜
=
∂gˆ
∂xˆ
∂xˆ
∂x˜
= KN
∂NT
∂x˜
gˆ =
∂NT gˆ
∂x˜
∣∣∣∣
gˆ=const
=
∂
∂x˜

gˆ1 + (1− λ)gˆ2
(x2 − x1)T gˆ3
λgˆ3

∣∣∣∣∣∣
gˆ=const
= KN
Static condensation of λ
The aim now is to reduce the total number of degrees of freedom of the elements by
condensating the internal variable λ.
If we write the stiffness matrix and residual vector as K˜11 K˜1λ K˜12K˜λ1 K˜λλ K˜λ2
K˜21 K˜2λ K˜22

Dx1
Dλ
Dx2
 = −

g˜1
g˜λ
g˜2
 (3.33)
we can statically condensate λ by removing the second block of rows of equations.
Isolating Dλ yields
Dλ =
1
K˜λλ
= (g˜λ − K˜λ1Dx1 − K˜λ2Dx2) (3.34)
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Replacing this equation back into (3.33) yields the following reduced system of
equations:
K
{
Dx1
Dx2
}
= g
where the stiffness matrix and the residual vector take the following expressions:
K =
[
K˜11 − K˜−1λλ K˜1λK˜λ1 K˜12 − K˜−1λλ K˜1λK˜λ2
K˜21 − K˜−1λλ K˜2λK˜λ1 K˜22 − K˜−1λλ K˜2λK˜λ2
]
(3.35)
g =
{
g˜1 − K˜−1λλ K˜1λg˜λ
g˜2 − K˜−1λλ K˜2λg˜λ
}
(3.36)
Note that with Equation (3.34) we can update λ from the iterative values of Dx1
and Dx2 using (3.34) as λ
k+1 = λk +Dλ.
3.3 Assembling and resolution
Using the solution of the previous increment as initial guess the stiffness matrices
of every element are assembled in a global system of equations. After applying
boundary conditions the system is solved in a convenient way.
In case this procedure does not converge after a certain number of iterations a
step halving is performed. That is, we divide the time step by a certain number and
by doing this we know that the solution will be closer to the previous increment
state and thus, convergence should be easier to achieve.
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4
Truss System analysis
As it has been explained in this thesis introduction cytoskeleton is made of micro-
tubules. Microtubules are polymers made of tubulin proteins and they are the main
component of the cytoskeleton. Their responsibility is to maintains the cell’s shape,
to allow some cellular mobility and to participate in intracellular transport.
Figure 4.1: Coloured scanning electron micrograph (SEM) of microtubules that
have self-assembled in a test tube [8].
Once we have shown how to implement numerically the different models we will
proceed to build an actual cytoskeleton model. As it can be observed in Figure
4.1 the microtubules form a network which we will model by a triangular irregular
33
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network of the one-dimensional elements ve have previously introduced. This will
allow us to build the model geometry easily using existing pre-processing software
such as GiD.
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Figure 4.2: Example of mesh used.
4.1 Dynamic topology
Cells are living entities and as such, they adapt to their environment. It has been
observed that when cells are applied a certain stress the cytoskeleton fluidizes in
such a way as to define a universal response class. This implicates mechanisms
mediated not only by specific signalling intermediates, as is usually assumed, but
also by non-specific actions of a slowly evolving network of physical forces [16].
Additionally anomalous bead motions have been reported in which a molecular
reorganisation of microstructures occur [2]. This remodelling dynamics are driven
by the internal stresses but still are largely unclear.
In order to represent the reorganisation of the cytoskeleton microstructures we
will model a dynamic topology in which the connectivities of the different nodes
may change due to their relative displacement. To do so will compute Delaunay’s
triangulation after convergence is achieved in order to obtain a new connectivity
matrix for our model.
4.1.1 Delaunay triangulation
The Delaunay triangulation was proposed by Boris Nikolaevich Delone in 1934 and
is defined as the triangulation of a set o points P such that no point of P lies
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inside of the circumcircle of any triangle of the triangulation [5]. By considering
circumscribed spheres, the notion of Delaunay triangulation extends to three and
even higher dimensions.
Figure 4.3: A Delaunay triangulation in the plane with circumcircles shown.
For simplicity we have use MATLAB’s built-in function delaunayn which is
based on Qhull. Qhull is a free library that computes the convex hull, Delaunay
triangulation and Voronoi diagram amongst others.
4.1.2 Handling contour elements
One of the properties of the Delaunay’s algorithm is that the union of all the
simplices of the triangulations yields the convex hull of the points. This is a clear
drawback since fictitious elements may appear if the outline shape of the model is
not convex. In Figure 4.4 a rectangular truss has been applied an upward force at
its right tip. After applying Delaunay, even if no change in the existing elements
occur, Delaunay introduces the elements that can be observed in Figure 4.4a. After
a proper cleaning process the resulting model can be seen in 4.4b.
The process we have followed can be described as a series of different sieves.
There is a wide variety of sieves that can be applied. In particular we have used the
following in this same order:
1. For any given node, we compute the mean of the lengths of the elements
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Figure 4.4: Mesh cleaning process.
connected to it prior to the triangulation. After the triangulation all elements
larger than this average length times a factor is deleted.
2. For all new elements created after Delaunay’s triangulation we delete those
that form an angle lower than certain threshold with any preexistent element.
4.2 Numerical results
In this section we will compare the results obtained analytically in Chapter 2 for
one bar element with the ones using a truss system made of bars that implement
the different bars explained. In order to do so we needed to recover stresses at the
nodes in order to compute the stress. This concept has been previously introduced
by Jose Mun˜oz and Nina Asadipour [1] and consists in finding the stress tensor that
minimises the error. More information about how to perform this stress recovery
can be found in Appendix A.
4.2.1 Two-dimensional rectangular patch
We will use the mesh that appears in Figure 4.5. Apart from each experiment
specific conditions, we have applied zero displacement at its left tip and zero vertical
displacement in the centre row of nodes to prevent buckling.
Cyclic experiments
We will check if we see a phase angle between the load and the displacement at
the tip os the patch and if that phase angle agrees with the formulations obtained
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Figure 4.5: Rectangular patch used in the experiments.
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Figure 4.6: Model at the states of maximum compression and maximum extension
of a cyclic displacement experiment.
in Chapter 2. Since we are imposing either displacements or stresses, in order to
compute δ we will need to write the other variable obtained in the following way:
a sin(ωt) + b cos(ωt) (4.1)
Since we get discrete data we will use the following property that derives from
Fourier series to compute the coeficients:
1
pi
∫ T+2pi
T
(a sin(ωt) + b cos(ωt)) sin(ωt) dt = a (4.2)
1
pi
∫ T+2pi
T
(a sin(ωt) + b cos(ωt)) cos(ωt) dt = b (4.3)
In Figure 4.7 we have represented the response to both a cyclic displacement
and cyclic load experiments. The parameter we have used for the Kelvin and the
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Maxwell model are κ = 100 and η = 100 for the cyclic displacement experiment and
κ = 10 and η = 10 for the cyclic load experiment. For the elastic model with active
lengthening we have used γ = 1 in both cases.
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(c) Kelvin under cyclic displacement.
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(e) Maxwell under cyclic displacement.
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(h) Elastic with active lenghtening under
cyclic load.
Figure 4.7: Response of the different elements to cyclic experiments.
As it was expected a phase angle δ has appeared in both experiments and, as
since κη = γ = 1 in all cases, this phase angle is the same.
We have also plotted δ for different values of the ratio κη and γ. The results can
be observed in Figure 4.8.
As we can see the obtained values are a little higher than the corresponding for
one element of the same type but there is a certain correspondence between the
results and the expected ones.
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Figure 4.8: Obtained δ for different values of the ratio κη and γ on a rectangular
patch.
Stess relaxation and creep experiments
In Figure 4.9 we have represented the responses of the different models to both a
creep experiment and stress relaxation experiment. It can be observed that the
models reproduces very accurately the analytical responses obtained in Chapter 2
for one element.
Influence of the dynamic topology
In Figure 4.10 we can observe how dynamic topology modifies the connectivities of
the network of a two-dimensional patch under constant load.
In Figure 4.11 we have used a truss system of pure elastic elements. We note
than when using the dynamic topology, the model introduces an additional viscosity
due to the loss of potential energy.
4.2.2 Three-dimensional model
The framework has been developed in such a way that 3D models are handled
naturally. However, special care must be applied to the handling of the contour
when using the Delaunay triangulation in the 3D case. The removal of the external
elements requires new rules, that have not been implemented here, and are left
for future work. In Figure 4.12 we can observe a 3D model example subjected to
constant load.
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Figure 4.9: Response of the different elements to creep and stress relaxation experi-
ments.
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Figure 4.10: Evolution of the two-dimensional patch with dynamic topology
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Figure 4.11: Pure elastic truss system with topology changes.
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Figure 4.12: Evolution of a three-dimensional model made of Maxwell elements
under dead load.
5
General conclusions
5.1 Contributions of the present thesis
We have proposed a novel model that accounts for the growth of the filaments that
form the cytoskeleton, which we have coined as active lengthening. The correspon-
dence with viscoelasticity classic models has been established and quantified. The
model can explain the observed viscosity in in vivo experiments while giving a more
satisfactory explanation in the sense that viscosity is not explained in terms of a
coefficient, which is alright in small strains but may become unacceptable in large
deformations. Further measures to quantify the growth factor γ are necessary to
evaluate the resistance of the cell to the active lengthening.
We have developed a framework for the simulation of the mechanical behaviour
of soft tissues. This framework permits the use of general rheological models that
go from the classical ones such as Kelvin-Voigt or Maxwell to the new element we
have proposed. Moreover, implementing new models can be done in a very simple
manner.
Due to the use of a non-linear truss system displacements and rotations can be
handled naturally.
Topology changes have been added to the model. Although these changes are
harder to measure and compare with real results, promising preliminary outcome
has been observed. This feature is in fact relevant for the modelling of some
morphogenetic movements in the cytoskeleton.
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5.2 Further work
The element filtering after the Delaunay triangulation may be improved in order
to handle better some special cases. Alternatively other approaches to the whole
remeshing process without using Delaunay’s algorithm could be used.
The creation of new elements in the mesh has introduced an additional virtual
viscosity in the model. This is due to the fact that new elements are created
without any prestress. Other methods like transferring pre-remesh stresses to the
new elements could be explored.
Difficulty in the convergence has been observed when the model is close to
a buckling mode. Implementing an arc-length technique might help to achieve
convergence in those situations.
A
Recovering the stresses
In this appendix it is shown how to recover the stress in the nodes from the stresses
in the bar elements.
Given the set of stress in every element we wish to find σ for every node such
that
σ = arg min
σ
∑
‖σni − ti‖2 = arg min
σ
∑
‖Niσ˜ − ti‖2 (A.1)
where σ˜ is the Voigt notation of σ and
Ni =
[
nxi 0 nyi
0 nyi nxi
]
Ni =
nxi 0 0 0 nzi nyi0 nyi 0 nzi 0 nxi
0 0 nzi nyi nxi 0
 (A.2)
for 2 and 3 dimensions.
σ = arg min
σ
∑
i
‖Niσ˜ − ti‖2
= arg min
σ
∑
i
(Niσ˜ − ti)T (Niσ˜ − ti)
= arg min
σ
∑
i
(σ˜TNTi Niσ˜ − 2σ˜TNTi ti + tTi ti)
(A.3)
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The argument that minimizes the previous expression will make null the derivative
with respect to σ˜.
(∑
i
NTi Ni
)
σ˜ −
(∑
i
NTi ti
)
= 0 (A.4)
So in order to recover the stresses we must solve the following system of equations
for every node:
Aσ˜ = b (A.5)
where
A =
∑
i
NTi Ni (A.6)
b =
∑
i
NTi ti (A.7)
Proof of uniqueness
By definition, matrix A is positive semidefinite and therefore, the uniqueness of the
solution is equivalent to the following condition:
σ˜TAσ˜ =
∑
i
σni · σni = 0⇒ σ = 0 (A.8)
But, ∑
i
σni · σni =
∑
i
‖ti‖2 (A.9)
implies that
σ˜TAσ˜ = 0⇒ ti = 0, ∀i⇒ ti · ej = 0, ∀i, j (A.10)
If we write ni = α
k
i ek we have that
ti · ej = αki σek · ej =
∑
k
αki σjk.
Therefore, Equation (A.8) is equivalent to,∑
k
αki σjk = 0,∀i, j (A.11)
By denoting by σi the i-th row of tensor σ, the previous condition can be
expressed as
ni · σj = 0, ∀i, j (A.12)
that is, the vectors ni are all orthogonal to each one of the rows of σ. If the vectors
ni span R
n, this is only possible if σ = 0 as we wanted to proof.
Bibliography
[1] N Asadipour and J J Mun˜oz. Modelling of non-linear viscoelastic tissues with
bar elements. To be submitted.
[2] P Bursac, B Fabry, X Trepat, G Lenormand, J P Butler, N Wang, J J Fredberg,
and S S An. Cytoskeleton dynamics: fluctuations within the network. Biochem.
Biophys. Res. Commun., 355(2):324–330, 2007.
[3] X Chen and G W Brodland. Multi-scale finite element modeling allows the
mechanics of amphibian neurulation to be elucidated. Phys. Biol., 5:1–15, 2008.
[4] V Conte, J J Mun˜oz, and M Miodownik. 3D finite element model of ventral
furrow invagination in the Drosophila melanogaster embryo. J. Mech. Behav.
Biomed. Mater., 2:188–198, 2008.
[5] M de Berg, O Cheong, M van Kreveld, and M Overmars. Computational
Geometry: Algorithms and Applications, chapter Delaunay Triangulations,
pages 191–218. Springer-Verlag, 2008.
[6] W N Findley, K Onaran, and W J Lai. Creep and Relaxation of Nonlinear
Viscoelastic Materials: With an Introduction to Linear Viscoelasticity. Dover
Publications, 1989.
[7] D E Ingber. Tensegrity: the architectural basis of cellular mechanotransduction.
Annu. Rev. Physiol., 59:575–599, 1997.
[8] SCIENCE PHOTO LIBRARY. Microtubules, sem.
http://www.sciencephoto.com/media/410079/enlarge, May 2012.
[9] J J Mun˜oz, V Conte, and M Miodownik. Stress dependent morphogene-
sis: continuum mechanics and truss systems. Biomech. Model. Mechanobiol.,
9(4):451–467, 2010.
[10] P A Pouille and E Farge. Hydrodynamic simulation of multicellular embryo
invagination. Phys. Biol., 5(1), 2008.
[11] W T Shaw and W J MacKnight. Introduction to Polymer Viscoelasticity. John
Wiley & Sons, 2005.
47
48 BIBLIOGRAPHY
[12] D Stamenovic´ and D E Ingber. Tensegrity-guided self assembly: from molecules
to living cells. Soft Matter, 5(6):1137–1145, 2009.
[13] L E H Trainor T N Hart. The two-component model for the cytoskeleton in
development. Physica D, 44(3):269284, 1989.
[14] L A Taber. Theoretical study of beloussov’s hyper-restoration hypothesis for
mechanical regulation of morphogenesis. Biomech. Model. Mechanobiol., 2008.
DOI 10.1007/s10237-007-0106-x.
[15] X Trepat, L Deng, SS An, D Navajas, DJ Tschumperlin, WT Gerthoffer,
JP Butler, and JJ Fredberg. Universality in cell mechanics. Soft Matter,
4:1750–1759, 2008.
[16] X Trepat, G Lenormand, and JJ Fredberg. Universal physical responses to
stretch in the living cell. Nature, 447(3):592–596, 2007.
